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Abstract 

This paper continues the series of papers that develop a new approach to syntax 
and semantics of dependent type theories. Here we study the interpretation of the 
rules of the identity types in the intensional Martin-Lof type theories on the C-systems 
that arise from universe categories. In the first part of the paper we develop construc¬ 
tions that produce interpretations of these rules from certain structures on universe 
categories while in the second we study the functoriality of these constructions with 
respect to functors of universe categories. The results of the first part of the paper play 
a crucial role in the construction of the univalent model of type theory in simplicial 
sets. 
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1 Introduction 


The concept of a C-system in its present form was introdnced in [TB]. The type of the 
C-systems is constrnctively eqnivalent to the type of contextnal categories dehned by Cart- 
mell in [3] and [2] but the definition of a C-system is slightly different from the Cartmell’s 
foundational definition. 

In the past decade or more, it has been a tradition in the study of type theories to consider, 
as the main mathematical object associated with a type theory, not a C-system by a category 
with families (see i)- As was observed recently all of the constructions of [13], [15] and of 
the present paper (but not of [TB] or [1^0 can be either used directly or reformulated in a 
very straightforward way to provide very similar results for categories with families. This 
modihcation will be discussed in a separate paper or papers. 

In this introductory explanation we will distinguish between the syntactic and semantic C- 
systems. By a syntactic C-system we will mean a C-system that is a regular sub-quotient of a 
C-system of the form CC{R, LM) where i? is a monad on sets and LM is a left module over 
i?, see [H] and [16]. In particular, the C-systems of all of the various versions of dependent 
type theory of Martin-Lof “genus” are syntactic type systems in the sense of this definition. 

By a semantic C-system we will mean a C-system whose underlying category is a full sub¬ 
category in a category of “mathematical” nature such as the category of sets or the category 
of sheaves of sets. 

Usually one knows some good properties (i.e. consistency) of a given semantic C-system and 
tries to prove similar good properties of a syntactic C-system by constructing a functor from 
the syntactic one to the semantic one. 

To construct such a functor one tries to show that the syntactic C-system is an initial 
one among C-systems equipped with some collection of additional operations and then to 
construct operations of the required form on the semantic one. A pioneering example of this 
approach can be found in [8]. 

In this paper we investigate the set of three interconnected operations on C-systems that, in 
the case of the syntactic C-systems, corresponds to the set of inference rules that is known 
as the rules for identity types in intensional Martin-Lof type theories (first published in [B])0. 
Since the key ingredient of this structure is known in type theory as the J-eliminator we call 
it the J-structure. 

We do not use the “sequent” notation that is so widespread in the literature on type theory 
for general C-systems restricting its use only to examples where we assume the C-system to 
be a syntactic one. 

The reason for this restriction is that translating the sequent-like notations into the algebraic 
notation of C-systems or categories with families requires considerable mastery of various 
conventions connected to the use of dependently typed systems. An example of such a trans- 

"^There is also a simpler set of rules corresponding to the identity types in the extensional Martin-Lof 
type theory (first published in m)- Cartmell, in his notion of a strong M-L structure [21 p.3.36], considers 
the set of rules for the extensional theory. 
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lation is the description of an object IdxT{T) corresponding to the sequent-like expression 
{T,x : T,y : T,e : IdTTxy;) in Construction 11.41 

Some of the difficulties that arise here can already be seen on the translation of the sequent- 
like expression (r,x : T,y : T;). Here the same letter T is used to refer to objects of two 
different types - the hrst T refers to an element on (96i(r) and the second T refers to an 
element in Obi{T). It is “understood” that the second T is the image of the hrst T under 
the map : 06i(r) —)■ Obi{T) but this understanding is a part of a tradition and is not 
rehected in any mathematical statement that one can refer to. 

For the syntactic C-systems we are allowed to use the sequent notation for the following 
reason. First, since CC in this case is a sub-quotient of CC{R, LM) our notation only needs 
to provide a reference to elements of sets associated with CC{R, LM) itself. There, the hrst 
T refers to an element of LM({1,...,/}) where I is the length of F and LM{X) is the set of 
type expressions in the raw syntax with free variables from a set X and the second T refers 
to an element of LM{{1,... ,l + 1}) that is the image of the hrst T under the map 

dehned by the inclusion In this case the map does not depend on 

T. We should distinguish between IdT as a structure on the C-system and the correspond¬ 
ing syntactic construction (because they have diherent types). If we denote the syntactic 
“identity types” by IdT^ T R t 2 then for the sequence 

T,x : T,y : T,e : IdT^ T xy] 

to dehne an element of Ob{CC{LM, R)), the expression IdT^Txy must refer to an element 
of LM({1,..., / 2}) and its form shows that we assume that there is an operation 

IdT^ -LMxRxR^R 

(a natural transformation of functors that is a linear morphism of left /^-modules) and 
Txy is the “named variables” notation for IdT^ I + 1,1 + 2). 

We do not continue this explanation of how to construct J-structures on syntactic C-systems. 
This will be done in a separate paper. Let us remark however that constructing J-structures 
on syntactic C-systems is relatively easy and that the difficult questions about J-structures 
on such C-systems are the ones related to the initially properties of the resulting objects. 

While constructing J-structures on the syntactic C-systems relatively straightforward, con¬ 
structing non-degenerat^ J-structures on semantic C-systems or categories with families 
proved to be very difficult. 

The hrst instance of such a construction, due to Martin Hofmann and Thomas Streicher, 
appeared in [5]. It was done in the language of categories with families and the underlying 
category there was the category of groupoids. 

The construction of Hofmann and Streicher was substantially extended and generalized in 
the Ph.D. thesis of Michael Warren na.iii and his subsequent papers such as [T^ . 

®See Remark [THl 
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Further important advances were achieved in the work of Richard Garner and Benno van 
den Berg HDl. 

Two main results of the hrst part of this paper provide a new approach to the construction 
of J-structures on semantic C-systems, an approach that can be used to construct the J- 
structure on the C-system of the univalent model. 

Construction 12.101 provides a simple way of extending a Jl-structure on a universe p in a 
category C to a full J-structure. 

Construction HUH] provides a method of constructing a J-structure on the C-system CC{C,p) 
from a J-structure on p. 

Combined together they provide a method of constructing a J-structure on CC{C,p) from a 
Jl-structure on p. 

We also discuss two sets of conditions on a pair of classes of morphisms TC and FB in a 
locally cartesian closed category that can be used in combination with Construction 12.101 to 
construct J-structures. These conditions often hold for the classes of trivial cohbrations and 
hbrations in model categories (or categories with weak factorization systems) providing a 
way of constructing C-systems with J-structures starting from such categories. 

In this paper we continue to use the diagrammatic order of writing composition of morphisms, 
i.e., for / : X —)■ y and g : Y ^ Z the composition of / and g is denoted by / o ^i. 

In this paper, as in the preceding papers |T3] and [15], we often have to consider structures 
on categories that are not invariant under equivalences and their interaction with structures 
that are invariant under the equivalences. 

The methods used in this paper are fully constructive and the paper is written in “formal¬ 
ization ready” style with all the proofs provided in enough detail to ensure that there are no 
hidden difficulties for the formalization of all of the results presented here. 

Except for the section that discusses the use of classes TC and FB, the methods we use 
are also completely elementary in the sense that they rely only on the essentially algebraic 
language of categories with various structures. 

The key Dehnition 12.81 and its relation to the J-structures on categories CC{C,p) hrst ap¬ 
peared in [TT] . 

The author would like to thank the Department of Computer Science and Engineering of the 
University of Gothenburg and Chalmers University of Technology for its hospitality during 
the work on this paper. 


2 J-structures on C-systems and on universe categories 

1 The J-structure on a C-system 

To dehne the J-structure on a C-system we will actually dehne three structures JO-structure, 
Jl-structure over a JO-structure and and J2-structure over a Jl-structure with the J-structure 
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being the same as a triple {IdT,refl, J) where Idt is a JO-structure, ref I is a Jl-structure 
over IdT and J is a J2-structure over refl. For the notations used below see [T5] . 

Definition 1.1 A JO-structure on a C-system CC is a family of functions 

IdTY : {oi, 02 € 06 i(r) I d{o\) = 9(02)} —)■ 06 i(r) 

given for all T E Ob that is natural in T i.e. such that for any / ; F' —)■ F and o, o' G Of)i(F) 
with d{o) = d{o'), one has f*{IdTr{o,o')) = IdTr'{f*{o), f*{o')). 

Definition 1.2 Let IdT be a JO-structure on CC. A J 1-structure over IdT is a family of 
functions ^ ^ 

refl : 06i(F) ^ 06i(F) 

given for all F G Ob such that: 

1. refl is natural in F, 

2. for any F and o G 06i(F) one has 

d{refl{o)) = IdT{o,o) (1) 

To define the notion of a J2-structure over a given Jl-structure we will need to describe two 
constructions hrst. 


Problem 1.3 Given a JO-structure IdT to construct a family of functions 

IdxT : Obi{T) -E ObsiT) 

such that for / : F' —)■ F and T G 06i(F) one has f*{IdxT{T)) = IdxT{f*{T)). 


Construction 1.4 Recall that for T G 06i(F) we let S(T) denote the morphism T — )■ pf(T) 
that can be described equivalently as or as the only morphism such that 6(T) = 

Idr and 5t o q{pT,T) = ddx- Because of the hrst equation we have 5{T) G ObijrfiT)). 

We dehne: 

IdxTiT) := /dT,j,T|((p;^,T,(<5(r))), i(PT(T))) (2) 

We have ^ 

Pp^{T)i^T) ^ Ob{pp^^j^^{pj^{T))) 

and ^ 

6{pUt)) g 0b{p;,^^^){pUT))) 

and since ft{p*^(j<^{pf{T))) = p’f{T) the IdxT{T) is well dehned. The fact that IdxT{T) G 
063 (F) follows now from the fact that ft^{pf{T)) = ft{T) = F. The objects and some of 
the morphisms involved in this construction can be seen on the diagram: 


p;.^iT,(PT{T)) -» p?.(r) 


-> T 


PpUT) 


PT 


Pp'^m 


> T 


Pt 


^ F 


P‘t(T) 

The proof that IdxT is natural in / : F' ^ F is straightforward. 
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Problem 1.5 Given a JO-structure IdT and a Jl-structure ref I over it to construet for all 
T E Ob and T G 06i(r) a morphism 


rfr-.T^ IdxTiT) 
sueh that for any / : F' —)■ F one has f*{rfT) = ?’//*(r)- 

Construction 1.6 We have: 

5{Ty {IdxTiT)) = h(T)*(/hT,^(^)((l,;^(^)(5^))),5(p^(T))) 

= IdTT{5{T)ypy^^^y5T)),5{T)y5{pf{T)))) = 

= IdTTiS{T),SiT)) 

where the last equality follows from the fact that f*{S{T)) = Sf and for any s G Ob, Sg = s. 
This shows that we have a canonical square of the form 

IdT{5{T),5{T)) IdxT{T) 

1 

T pf{T) 

and refl{S{T)) is a morphism T —)■ IdT{S{T),6{T)). We dehne: 

rfr := refl{S{T)) o q{S{T), IdxT{T)) (4) 

The proof that for any / : F' —)■ F one has /*(r/r) = t//*(t) is straightforward. 

Definition 1.7 Let IdT and ref I be a JO-strueture and a J 1-strueture over it. A J2- 
strueture over {IdT, ref 1) is data of the form: for all F G Ob, for all T G 06i(F), for 
all P G Obi{IdxT{T)), for all sO G Ob{rff{P)), an element .I{T,T, P, sO) of Ob{P) sueh 
that: 

1. J is natural in T, i.e., for any / ; F' —)■ F and T, P, sO as above one has 

r{j{T,T,p,so)) = j{T',r{T),r{p),r{so)) 

where the right hand side of the equation is well-defined beeause of the naturality in f 
of IdxT and rf. 

2. .1 satisfies the t-rule. ForF,T, P, sO as above one has 

rff{.I{V,T,P,st))) = st) 
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Remark 1.8 A JO-structure is called degenerate or extensional if for all T G Ob>i{CC) and 
o, o' G Ob{T) one ha^ 


Ob{IdxT{o, o')) 


0 if o ^ o' 
pt if o = o' 


One can easily see that any two extensional JO-structures are equal and that any extensional 
JO-structure has a unique extension to a full J-structure that is also called extensional. 


We will not consider these extended versions of J in the present version of the paper. 


Remark 1.9 When one studies J-structures on C-systems that have no (fl, A)-structures it 
is important, as emphasized for example in |^, to consider a more complex structure than 
the one that we consider here. This more complex structure can be seen as a family of 
structures ewhere eJ q = J2 and where eJn over {IdT, refl) is a collection of data of the 
form: for all T G Ob, for all T G 06i(r), for all A G Obn{I dxT[T)) , for all P G 06i(A), for 
all sO G Ob{rf^{P)), an element eJniT, T, A, sO) in Ob{P) such that eJn satishes the obvious 
analog of i-rule and such that it is natural in T. See also Remark 12.111 


2 The J-structure on a universe in a category 

Let C be a (pre-)category and p :[/—)■[/ a morphism in C. Recall that a universe structure 
on p is a choice of pull-back squares of the form 

(A;F) U 

PX,F 

X 

for all X and all morphisms F : X ^ U. A universe in C is a morphism with a universe 
structure on it and a universe category is a category with a universe and a choice of a hnal 
object pt. 

For f W ^ X and g : W ^ U we will denote by / * p the unique morphism such that 

{f*9)° Px,F = f 
{f*9)°Q{F) = 9 

When we need to distinguish canonical squares of different universes we may write (A; F)p 
and / *p g. 

Remark 2.1 Note that we made no assumption about Q{Idu) being equal to Idjj. In fact, 
since we want the results of this paper to be constructive, we are not allowed to make such an 
assumption since the question of whether or not a given morphism is an identity morphism 

®The following is the classical way of saying that there is an equivalence between the types Ob{IdxT{o, o')) 
and (o = o'). 


P 
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need not be decidable and therefore we can not “normalize” our constructions by doing a 
“case” on whether a morphism is an identity morphism or not. The importance of this 
observation (in the context of whether a simplex is degenerate or not) was emphasized by 

[I]- 


For X' ^ X ^ U we let Q{f, F) denote the morphism 

{Px'joF o /) * Qif o F) : (X'; f o F) ^ (X; F) 

As is shown in [15], the square 

{X'-foF) (X;F) 

Px'JaF 

X' X 

is a pull-back square. 

Following [T5] we define for any universe p \U ^ U and any f/ G C a functor 

Dp(-, f/) : X ^ nF.,x^uHom{{X- F),V) 
whose action on morphisms is given by 

D,{f,V):{F,a)e^{foF,Q{f,F)oa) 

When C is a locally cartesian closed category any morphism p : U ^ U defines a functor 

Ip-.Ve^ Hpm{{U,p), {U X V,pri)) 

and we have constructed in [I5l Construction 3.9] a family of bijections 

r{:^^xy ■■ Hom{X, 4(C)) ^ Z1,(X, C) 
that are natural in X and V. We let rj denote the inverse bijections 

: Dp{X, V) ^ Hom{X, Ip{V)) 

Using the functorial structure on the mapping V {U x V,pri) together with the naturality 
of internal Hom-objects in the second argument we get a functoriality structure on Ip 

(/ ; y ^ W) ^ (4(/) : Ip{V) ^ 4(W)) 

Similarly, using the functoriality of Horn in the second argument (see e.g. the appendix in 
[l5] ) we obtain, for any p : U ^ U, p' : U' ^ U and h \ U' ^ U over U and V a morphism 

yvj: yv) ^ yv) 
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PX,F 


( 5 ) 








Lemma 2.2 In the notations introduced above let f : V ^ V' be a morphism, then the 
square 




I^(V) 


Ih{yr) 


r(v) 


Proof; This is a particular case of the commutative square of [T5l Lemma 8.5]. 


Lemma 2.3 Let p \ U ^ U and p' \ U' ^ U be two morphisms with universe structures 
and f : U' ^ U be a morphism over U. For V & C let I^{V) be the corresponding morphism 
Ip'iy) — Ipiy). Then for any X the square 


Dp{X,V) HomiX,IpiV)) 


dFx,v) 


-oiFv) 


Dp>{X,V) Hom{X,IpfV)) 


where the left hand side arrow is of the form 


DVX,V):(F,F')^(F,F-(J)oF') 


commutes. 

Proof: Since rj is defined as an inverse to rj' it is sufficient to show that for any g G 
Hom{X, Ip{V)) one has ri''ig o lI{V)) = D^{X, V){7j'ig)). Let 

pr = prlpiV) : IpiV) U 

pr' = prlp,{y) : Ip,{y) U 

be the canonical projections. Let 

st = stp{V) : {Ip{V)]pr) V 

st' = stp^(V) : (Ip^(V);pr'y^V 

be the morphisms introduced in [15]. By [151 Problem 3.8] we have 

p'’'(g o I-^(V)) = (g o /■^(V) o pr', Q'{g o {y),pr') o st') 


and 

Df{X,V){p\g)) = Df{X,V){g opr,Q{g,pr) o st) = {g o pr, igopr)*{f) oQ{g,pr) o st) 
Therefore it is sufficient to show that 


igv) 


o pr = pr 
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and 


Q'{goP{V),pr')o St' = {g o prY{f) o Q{g,pr) o st 
The first equality asserts that {V) is a morphism over U which follows from its construction. 
By Lemma [1.11 we have 

{gopr, igopr)*{f) o Q{g,pr) = Q'ig,pr) o pr*{f) 


Next we have 

Q'{g o I^{V),pr') = Q'{g, lf{y)opr') o Q'{lf{V),pr') = Q'{g,pr) o Q'{jf {y),pr') 
by da Lemma 3.2]. It remains to check that 

Q\lYy)iP'^') ° st' = pr*{f) o st 

This requires opening up the dehnitions of st and st' which gives us 

Q'{IYV),P'i^') ° ° ev' o pr2 = pr*{f) o io ev o pr2 

We will obtain this equality as a consequence of commutativity of three squares: 


{ip{vy,pry 

Q'ilHV),pr)^ 

{lAvypr'y 

L 

{lYV),pr)xu{U',p') 

lf{V)xId 
--)■ 

L 

{I,yV),pr')xu{U',p') 

(ipivypry 

,/ 

Pr*{f\ 

(Ipivypr) 

{lYV),pr)xu{U',p') ^ 

{lYV),pr)xu{U,p) 

{lYV),pr)xu{U',p') 

Idxf 

lUV)xId 

---)■ 

{IpiV),pr') Xu{U',p') 

ev' 

{lYV),pr)xu{U,p) 

ev 

-)■ 

U xV 


The hrst two squares are particular cases of m Lemma 8.1]. To obtain the hrst one one 
has to set Z = U, b = Idjj,, and a = To obtain the second one one has to set Z = U, 

b = f and a = Idi^(y). The last square is a particular case of [ISl Lemma 8.6]. 

Definition 2.4 A JO-structure on a universe p in a category C is a morphism Eq : {U]p) ^ 

U. 
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Let Eq be a JO-structure on p. Consider the object 


EU:=iU;p,Eq) 

as an object over U relative to the composition of projections 


that we will denote by pEU. 

Problem 2.5 To construct a universe structure on pEU. 

Construction 2.6 We have three diagrams with pull-back squares of the form: 
{X;F,Q{F)op,Q{Q{F),p)oEq) 

(X-,F,Q(F)op) mnilq (U;p) 

(X;F,Q(F)op) 0^p) 

I Pu,p 

{X,E) 
iX;E) 

PX,F 

X 

and we dehne the canonical square for F relative to pEU to be the square obtained by 
concatenating these three squares vertically. 


QiF) 


» U 


Q{F) 


» U 


U 


Let us denote the components of the canonical squares for pEU as follows: 

QiF)E. 




Px,F 


^ EU 

pEU 

-y U 


X 

Explicitly we have 

(X; F)e = (X; F, QiF) o p, QiQiF),p) o Eq) 

QiF)E = QiQiQiF),p),Eq) 

PX,F = P(X-,F,QiF)op),Q{Q{F),p)oEq ° P{X-,F),Q{F)op O PX,F 

We will also write Q{f, F)e for the canonical morphisms from (X; f o F)e to (X; F)e- 
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Definition 2.7 Let p be a universe in C and Eq be a JO-structure on p. A J 1-structure on 
p over Eq is a morphism fl : U ^ U such that the square 


U 


U 


{U\p) u 


( 6 ) 


where A = {Idjj) * {ddjj) is the diagonal of U, commutes. 


The square ([6]) defines a morphism U —)■ EU that we will denote by u. 

To define a J2-structure on a universe we will need to assume that C is a locally cartesian 
closed category. Recall that locally cartesian closed category is a category with the choice 
of fiber squares based on all pairs of morphisms with a common codomain as well as the 
choice of relative internal Hom-objects and co-evaluation morphisms for all such pairs. For 
our notations related to the locally cartesian closed categories as well as for some other 
notations used below see [T3] . 

When a universe is considered in a locally cartesian closed category we make no assumption 
about the compatibility of choices of the pull-back squares of the universe structure on p 
and pull-back squares of the locally cartesian closed structure. 

Consider the functors Ip and Ip^jj- We have the following commutative square: 

W) 

Lip) (7) 

W) 

^ipiu) (7p(C),/p(p)) 


I.EuiU) ^ 
I.EuiU) ^ 


and therefore a morphism 


i.Euiu) ^ {iEuiu),i^m 


pEU 


pEU'y 


Definition 2.8 A J2-structure on p relative to a JO-structure Eq and J 1-structure hi, is a 
morphism 

Jp : ^IpiU) {W).W})^gEv(u) 

such that Jp o coJ = Id. 

Note that we have: 

J o r{U) = JocoJo prIpiU) = prIpiU) (8) 

J ° ^pEU^P) = J°coJ oprI^p.^{U) = prI^p.Q{U). (9) 
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where prIp{V) is the canonical morphism Ip{V) U. 

A J-structure on p is a triple {Eq,fl,Jp) where Eq is a JO-structure, hi is a Jl-structure 
relative to Eq and Jp a J2-structure relative to Eq and hi. 

For a Jl-structure {Eq, hi) on a universe in a category with a locally cartesian closed structure 
let EpEg^n denote the hber product 

^Ip(U) 

and let pFpEq,n = I‘^{U) o Ip{p) be the projection FpEq,n —^ U. Let further pri be the 
projection from Fp to IpEu^U) and pr 2 the projection from Fp to Ip{U). 

Our solution to the following problem is the key to the construction of J-structures over 
a given Jl-structure in categories with weak factorization systems in particular in Quillen 
model categories. 


Problem 2.9 Let C be a category with a locally cartesian closed structure and Eq, Vt be a 
Jl-structure on {C,p). To construct a bijection between the set of J-structures on p over 
{Eq,fl) and the set of morphisms {Fp,pFp) Xu {EU,pEU) —)■ U that split the following 
square into two commutative triangles: 


{,Fp,pFp)x„(U,p) 5 


IdjPpXLO 


(Fp,pFp) Xu (EU,pEU) u 


( 10 ) 


Construction 2.10 Observe hrst that there is a bijection between the set of morphisms 

{Fp,pFp) Xu {EU,pEU) —)■ U 

that split the square ffTOj) into two commutative triangles and the set of morphisms 

{Fp,pFp) Xu {EU,pEU) U X U 
that split into two commutative triangles the square: 


{Fp,pFp) Xu {U,p) u xU 


IdppXLJ 


Idjj xp 


{Fp,pFp) Xu {EU,pEU) u xU 


The rule / cidj{f ) gives us a bijection of the form 


Homu{{Fp,pFp), {I^j^jj{U),_)) Homu{{Fp,pFp) Xu {EU,pEU), {U x U,pr 2 )) 

All sections of coJ are automatically morphisms over U. Therefore it remains to show that 
this bijection dehnes a bijection of the subset of morphisms that are sections of coJ and 
morphisms that make the two triangles commutative. 
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One verifies first that a morphism / : Fp —)■ IpEuiU) is a section of coJ if and only if 
f ° ^pEu(p) ~ f ° = pr 2 - This is straightforward. 

Next we have 

^pEU^P) = Hottit jUEU, pEU)Jdu x p) 
r{U) = HonirA oj. {U X U,pr 2 )) 

Therefore by m Lemma 8.7] one has 

adj{f o IpEpip)) = adj{f) o {Idu x p) 

adj{f o r{U)) = {Idpp Xu uj) o adj{f) 
and we conclude that / is a section of coJ iff 

adjif) o {Idu X p) = adj{pri) 

{Idpp Xu io) o adj{f) = adj{pr 2 ) 

This completes the construction. 

Remark 2.11 It is likely to be relatively easy to generalize the constructions of this paper 
to the extended J-structures eJn (see Remark ll.9p . The key to such generalization is [T^ 
Remark 3.13]. The structures eJpn can be dehned in the same way as Jp but with the square 
([7]) replaced by the square 


ipEu(im) 

dpEuid^m 




> dpmu)) 


ipiEip)) 




> dpii^m 


(11) 


3 J-structures on universes in categories with two classes of mor- 
phisms 

This is the only part of the paper where we depart from constructions that are conservatively 
algebraic over the theory of categories, i.e., from constructions that can be expressed in terms 
of adding new essentially algebraic operations to the theory of categories without adding new 
sorts to this theory. 

Considering classes of morphisms in categories can be expressed in the essentially algebraic 
way but this requires adding new sorts to the theory. 

This is also the only context where we use the concept “there exists” in this paper. In 
all the previous cases the objects that we considered were given (specihed). To make the 
lemmas proved below into constructions and to avoid the use of “there exists” one would 
have to dehne the collection FB as a collection of pairs of a morphism p together with, for 


14 









all i E TC, fw and fz such that fz°P = 'i° fwi a morphism g such that i o g = and 

g°p = fw- 

Recall that a collection of morphisms R is said to have the right lifting property for the 
collection of morphisms L if for any commutative square of the form 

Z —^ E 

i P 

W B 

such that i E L and p E R there exists a morphism g : W ^ E that makes the two triangles 
into which it splits the square to commute i.e. a morphism g such that i o g = fz and 
g°p = fw- 

We are going to consider two sets of conditions (Conditions 13.11 and 13.31) on a pair of classes 
of morphisms FB and TC in a category with hber products and then show in Theorems 13.21 
and 13.81 how pairs satisfying conditions of each of these two sets can be used to construct 
J-structures on elements of FB. 

Our hrst set of conditions is as follows: 

Conditions 3.1 1. A morphism is in FB if and only if it has the right lifting property 

forTC, 

2. consider morphisms f : B' ^ B, pi : Ei ^ B, p 2 : E 2 ^ B and i \ Ei ^ E 2 such that 
P 11 P 2 £ FB and i ETC. Then the morphism 

Mb' X i : (R', /) Xb {Ei,pi) -)■ {B\ f) Xb (^ 2 ,^ 2 ) 

is in TC. 

Theorem 3.2 Let FB and TC be two classes of morphisms in a locally cartesian closed 
category C that satisfy Conditions I,?, il Let p he a universe in C and {Eq,Q) a J 1-structure 
on p such that: 

1. p is in FB, 

2. 00 is in TC. 

Then there exists an extension of {Eq, O) to a full J-structure on p. 

Proof; Let us apply Construction 12.101 to {Eq,Q). To construct the required morphism it 
is sufficient to establish that Mpp x u is in TC. It follows from the hrst of our conditions 
that FB is closed under pull-backs and compositions. Therefore, pEU is in FB. It remains 
to apply the second of our conditions. 


15 
















Our second set of conditions is more involved. Conditions of this set can be satisfied in 
the situations arising when one attempts to localize Quillen model structures and when the 
resulting sets of morphisms do not for a model structure. The difference is mainly concerned 
with the fact that the good behavior is required only for hbrations over hbrant objects. One 
particular example of such situation is considered in |T2l Section 3.3]. 

Conditions 3.3 1. Idpt is in FB, 

2. let B he such that the morphism B ^ pt is in FB then a morphism p : E ^ B is in 
FB if and only if it has the right lifting property for TC, 

3. if p ■. E ^ B and B ^ pt are in FB, i : Z ^ W is in TC and f : W ^ B iis an 
arbitrary morphism then 

Xu Me) {Z,zo f) xb {E,p) ^ {WJ) Xb {E,p) 


is in TC. 


We will say that B is fibrant if the morphism B ^ pt is in FB. 


Lemma 3.4 Let p ■. E ^ B be in FB and f : B' ^ B be a morphism. Assume in addition 
that B and B' are fibrant, then for any pull-back sguare of the form 


E' -^ E 


P' 

B' 


p 

B 


the morphism p' is in EB. 

Proof: Since B' is hbrant it is sufficient to verify that p' has the right lifting property for 
TC. This can be shown in the standard way to be a consequence of p having the right lifting 
property for TC. That p has this property we know because p is in FS and B is hbrant. 

Lemma 3.5 Let B be fibrant and p 2 '■ E 2 ^ Ei, pi ■. Ei ^ B be in EB. Then p 2 o pi is in 
EB. 

Proof: Let us show hrst that Ei is hbrant i.e. that : Fi —)■ pt is in EB. Since pt is 
hbrant it is sufficient to show that ttei has the right lifting property for TC. It is shown in 
the standard way from the fact that both pi and ttb '■ B ^ pt have the right lifting property 
for TC and = Pi o t^b- 

Since Ei is hbrant we know that p 2 has the right lifting property for TC and since B is 
hbrant we know that pi has the right lifting property for FB. From this we conclude in the 
standard way that p 2 o p^ have the right lifting property for TC and since B is hbrant this 
implies that p 2 o p^ is in F5. 
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Lemma 3.6 Assume that U, V are fibrant and thatp : U ^ U is in FB. Then the morphism 
pripiy) : Ipiy) U is in FB. 


Proof: Since U is fibrant it is sufficient to check that pr = prIp{V) has the right lifting 
property for TC. Consider a commutative square of the form 

Z —^ Honir rijU^p), (U X V,pri)) 

i pr 

w u 


We need to construct a morphism f : W ^ , p), {U x V^pri)) that would make 

the two triangles commutative. The commutativity of the lower triangle means that / is 
a morphism over U which is equivalent to the assumption that / = adj~^{g) for some 
g :{WJw) Xu {U,p)^UxV over U. 


Consider the square 


{Z,tofyxu{U,p) UxV 


ixld 


u 


pri 


{W,fw)xu{U,p) ^ U 


By Lemma [3^ we know that pri belongs to FB. By our assumptions on TC and FB we know 
that i X Idjj is in TC. Therefore there exists a morphism g : (VL, fw) Xu {U,p) U xV that 
makes the two triangles commute. The commutativity of the lower triangle means that this 
is a morphism over U. Therefore adj~^{g) is dehned. Set / = adj~^{g). It remains to check 
that iof = fz. This is equivalent to adj{iof) = adj{fz)- Since adj{io f) = {ix Idfj)oadj{f) 
by m Lemma 8.7(3)], this is equivalent to (z x Idjj)og = adj{fz) which is the commutativity 
of the upper triangle. 


Lemma 3.7 Assume that U, V are fibrant and that p : U ^ U and r : V ^ V are in FB 
then Ip{r) : IpiV') IpiY) is in FB. 


Proof: By Lemmas 13.61 and 13.51 we know that IpiV) is hbrant. Therefore it is sufficient to 
show that Ip{r) has the right lifting property for TC. Consider a commutative square of the 
form 

Z — ^ Homrr ((U,p)AU xV'.prA) 

i Hom jjiiU ,p),Idjj'Kr) ( 12 ) 

W Homrr ((U.p)AU X V,prA) 

The lower right corner is an object over U through the morphism pApri. Let pw = 
fw o (P^pru^) and 

Pz = iopw = fzo {pApr^'^ ) 
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Consider the square 


{Z,pz)xu{U,p) UxV' 


ixidf 


IdjjXr 


{W,pw)xu{U,p) UxV 

This square commutes. Indeed, 

adj{fz) o {Idu xr) = adjjfz Q Hom uiiU.p)Jdjj x r)) = 


(13) 


adj{i o fw) = (z X Id^) o adj{fw) 

where the hrst equality is by [T^ Lemma 8.7(1)] and the third by [T^ Lemma 8.7(3)]. By 
Lemmas l3.4l and l3.5l we know that Idu x r is in FB. By our assumption (3) on FB and TC we 
know that zx/dp is in TC. Therefore, there exists a morphism : {W,pw)xu{U ,p) -^UxV 
that splits this square into two commutative triangles. Since the lower triangle commutes, 
g' is a morphism over U and in particular g = adj{f) for some f :W ^ HonriT jUU, v). {U x 
V,pri)). Let us show that / splits the square flT^ into two commutative triangles i.e. that 
we have io f = fz and / o Homu UU, p), Idu x r) = fw. 

The hrst equality is equivalent to adj{i o /) = adj{fz) which is equivalent, by [T5l Lemma 
8.7(3)] to (z X Idfj)og = adj{fz) which is the commutativity of the upper of the two triangles 
into which g splits (|T3|l . 

The second equality is equivalent to adj{f o HoniT jUU, p), Idu x r)) = adj{fw), which is 
equivalent by [T51 Lemma 8.7(1)] to g o (Idu x r) = adj{fw) which is the commutativity of 
the lower of the two triangles into which g splits flT^ . 

Lemma is proved. 


We can now prove the second main theorem of this section. 

Theorem 3.8 Let {C,p,pt) be a universe category, let C be given a locally cartesian closed 
structure and let TC anj, FB be two collections of^morphisms in C that satisfy Conditions 
\3.tA Let further Eq : {U]p) ^ U and H : U ^ U be a Jl-structure and assume that the 
following conditions hold: 

1. U is fibrant, 

2. p is in FB, 

3. bj is in TC. 

Then there exists a J-structure Jp extending {Eq,fl). 

Proof: Let us use the notations of Problem l2.91 We need to show that under the assumptions 
of the current theorem there exists a morphism that splits the square of Problem 12.91 into 
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two commutative triangles. Observe first that constructing such a splitting is equivalent to 
constructing the splitting of the square 


{U,p) Xu {Fp,pFp) u^u 


LJXldFp 


Idu xp 


{EU,pEU) Xu {Fp,pEp) UxU 


where 

cr : {U,p) Xu {Ep,pFp) -)■ {Fp,pEp) Xu {U,p) 
a' : {EU,pEU) Xu {Ep,pFp) {Fp,pEp) Xu {EU,pEU) 
are permutations of the factors. 

It is easy to show that U x U is hbrant. Therefore it is sufficient to show that Idu x p is in 
FB and uj Xu Idpp is in TC. The hrst fact follows from the assumption that p is in FB and 
that U is hbrant. The obtain the second fact let us apply condition (3) on the classes FB 
and TC to B = U, f = pEU, i = uj and p = pEp. It remains to show that pEp is in EB. 
We can represent pFp as the composition 


Fp’^!,Eu(U) 




The morphism pEU is in Fi? as a composition of pull-backs of p with respect to morphisms 
with hbrant domains through repeated application of Lemmas 13.41 and 13.51 Therefore, the 
morphism is in EB by Lemma 13^ and as a corollary we know that I^E uiU) is hbrant. 

Similarly Ip{U) is hbrant and ip{p) is in FF and applying again Lemma [3.41 we see that pri 
is in EB. And again by Lemma we see that pEp is in EB which hnishes the proof of the 
theorem. 


Corollary 3.9 Let C be a locally cartesian closed category with a Quillen model structure, 
p a universe in C and {Eq, fl) a J 1-structure on p. Assume further that p is a fibration and 
UJ is a trivial cofibration and that in addition one of the following two conditions holds: 


1. consider morphisms f : B' ^ B, pi : Ei ^ B, p 2 E 2 ^ B and i : Fi —)■ F 2 such that 
Pi,P 2 are fibrations and i a trivial cofibration. Then the morphism 

Ids' X i : {B'J) Xb (Fi,pi) ^ {B'J) Xb {E2,P2) 

is a trivial cofibration, 

2. U is fibrant and the pull-back of a trivial cofibration along a fibration is a trivial cofi¬ 
bration. 


Then {Eq,u) can be extended to a full J-structure on p. 
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The following result can be used to produce many examples of universes with J-structures 
(but not the univalent universes). Let C be a locally cartesian closed category with coproducts 
of sequences We let m„ : —)■ and {fn)n ■ —)■ Y denote the canonical 

morphisms. We let 11/„ : W denote the morphism {fn o inn)n- 

Assume that these coproducts satisfy the following two conditions: 


1. for a sequence of morphisms fn'-En^ Bn the square 


Un{EnJn)^BAEnJn) 


Unpri 


Un/n 


B-nEn 


Ur,fr. 




2 . 


is a pull-back square, 

for a sequence of morphisms fn'-En^ 

B-nEn+l 
Lln/n + l 

B-nBn+l 


Bn the square 

(in„+i)„ 

t LLn-Cjn 

II„/„ 

t LLniJn 


is a pull-back square. 

Problem 3.10 Let C be as above EB and TC two classes of morphisms satisfying one of 
the sets of conditions \3.3\ or \3.1[ Assume in addition the following: 

1. the coproduct of a seguence of morphisms from TC is in TC and the coproduct of a 
seguence of morphisms from FB is in FB, 

2. the composition of a morphism from TC with an isomorphism is in TC, 

3. for any morphism f : X ^ Y there is given an object P{f) and morphisms if : X ^ 
Eif)) Qf ■ Eif) Y such that if G TC, pf G FB and f = if o qf. 

To construct, for any universe p : U ^ U such that p G FB a sequence of morphisms 
Pn '■ Un ^ Un such that po = p, Pn ^ FB and U-nP, with the universe structure defined by the 
fiber squares of C, has a J-structure with u G TC. 

Construction 3.11 Dehne pn '■ Un ^ Un inductively as follows. For n = 0 we take po = p- 
To dehne Pn+i consider the diagonal A„ : Un —)■ {Un,Pn) X[/„ {Un,Pn) and let 


Pn+l QAn • Ei^Xn) y {Un^Pn') '^Un {Un,Pn') 


SO that in particular Un+i = {Un,Pn) XUn {Un.Pn)- 
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Let = H-nUni = H-nUn and p* = H-nPn- According to the first of the two properties 
that we required from the coproducts the canonical morphism 

^ • l-ln(f^n)Pn) '^Un iJ^niPn) t (17*,^*) X{/^ {U^iP*) 

is an isomorphism. Together with the second property applied to the right-most square this 
gives us a diagram with pull-back squares of the form: 

^nUn+l ^nlJn+l ^nUn+1 U, 

roL r r p* 

{U.,P*) Xu, {U,,p,) Un{Un,Pn) Xu^ {Un,Pn) U, 

where r = Dehne Eq as the composition of the lower horizontal arrows of this 

diagram (up to an isomorphism this is just (m„+i)„). Since the squares of the diagram are 
pull-back the natural morphism 

i' : H-Jjn+i {{U^,P*) Xu, {U^,p^),Eq)u,{U^,p*) 


is an isomorphism. Dehne 


D = (Iln^A^) O d O {inn+l)n 


such that then 


u = (n„ZA„) o 


By our assumptions ca G TC and then by Theorem 13.21 if FB and TC satished Conditions 
o or by Theorem 13.81 if FB and TC satished Conditions 13.31 we conclude that {Eq,fl) can 
be extended to a full J-structure on p*. 


4 Constructing a J-structure on CC{C,p) from a J-structure on p 

The construction of a C-system CC{C,p) from a category with a universe p and a hnal object 
pt was presented in [13] and summarized in [15] . Let us recall some facts and notations. The 
underlying category of CC{C,p) is equipped with a functor int to C. Note that while int is 
the identity on morphisms by construction of CC{C,p), the notations for the same element of 
FIom{T\ T) and Hom{int{r'), int{r)) may diher. In particular for / : T' —)■ T and F : T —)■ [/ 
we have 

q{f,tnt{T,F)) = Q{f,F) (14) 

For each T G Ob{CC{C,p)) we have natural bijections 

Ml : 06i(r) ^ Hom{int{T), U) (15) 

Ml : 06i(r) ^ Hom{int{V), U) (16) 
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where ^(F) = (F, F) and where 


'iii(s) = s o g(Mi(a(s))) 


(17) 


In particular, 

ui{s)op = so Q{ux{d{s))) op = so O Ui{d{s)) = ui{d{s)) 

i.e., with respect to these bijections the function d : 06i(r) —)■ 06i(r) is given by composition 
with p\U^U. 

Problem 4.1 Let Eq : {U]p) U be a JO-structure on a universe p in a category C. To 
construct a JO-structure on CC{C,p). 

Construction 4.2 Since the canonical squares are pull-back squares bijections Ui and ui 
gives us a bijection 


uu : {o, o' G Obi{T) \ d{o) = d{o')} —)■ Hom(int{V), {U]p)) 


where mm(o, o') = 'Ui(o) * 'Ui(o'). We set: 

IdT{o, o') = uJ^{uu{o, o') o Eg). 

We let IdTEq denote the JO-structure on CC{C,p) constructed from Eq in Construction 14.21 
Note that 


int{IdT{o, o')) = {int{T); (wi(o) * Ui{o')) o Eq) 


(18) 


Recall that in |T6] we let pr,n : T —)■ fF{T) denote the composition of n canonical projections 
Py o ... o pj-jn-i(r). 


Lemma 4.3 Let Eq be a JO-structure on p. Let F G Ob and E : mt(F) —)• Lf. Then one 
has: 


int{IdxT(T, E)) = {int(T)-, F)e 



Q{F)e o Q{Eq) = Q{Q{Q{F) o p) o Eq) 


Proof: Let T = (F,F). We have: 

int{IdxT{T)) = int{IdTp^^'r){o, o')) = {int{p^{T))] (wi(o) *Ui{o')) o Eq) 


where 


O = Pk(T)(S(T)) 

»' = SipUT)) 


We have 


int{p*rr{T)) = (mt(F); F, Q(F) o p) 
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and 


'“lbp^(T)('^(^))) - P{intir,F,Q{F}op} ° Q{F) 
u^{6{p*Am = Q{Q{F) o p) 

which shows that ni(o) * ni(o') = Q{Q{F),p) and completes the proof of the hrst and the 
second eqnations. 

The third eqnality is a corollary of the eqnality Q{F)e = Q{Q{Q{F),p), Eq) and the eqnality 
Q{f,F)oQ(F) = Q{foF). 


Problem 4.4 Let Eq : {U]p) ^ U, Q : U U he a JO-structure and a J 1-structures on a 
universe p in a category C. To construct a Jl-structure refl{Eq,fl) over MTeq on CC{C,p). 


Construction 4.5 Dne to the natural bijections ffT6|) the morphism dehnes maps 

ref I : 06i(r) ^ 06i(r) 

by the formula 

refl{s) = uf^{ui{s) o f2) 

that are natural in T. The equation ([T]) follows from the commutativity of the square 


We let ref In denote the Jl-structure constructed from in Construction 14.51 The following 
technical lemma is only needed in the proof of Lemma 14.71 

Lemma 4.6 For s G Ofei(r) one has: 

refln{s) o Q[s o Q{F) o o p) = s o Q{F) o 

where F = tii(9(s)). 

Proof: We have 

ui{d{refln{s))) = ui{refl{s)) o p = ui(^s) o Q o p = s o Q{F) oQop 

therefore 

ui{refln{s)) = refln{s) o Q{ui{d{refln{s)))) = 
refln{s) o Q{s o Q{F) o Ll o p) 

On the other hand, by dehnition of ref In, 

ui{refln{s)) = ui{s) oQ = s o Q{F) o O. 
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Lemma 4.7 Given Eq and f2 consider the corresponding IdT and refl. For T G 06i(r) 
let 

rfx : int{T) int{IdxT{T)) 

he the morphism constructed in Construction \1.6i . On the other hand let 

F*{uj)-.{int{T)-F)^{int{T)-F)E 

is the pull-back of u : U —)■ EU with respect to E = Ui{T) i.e. the unique morphism 

{int{T)]F) {int{T)]E)E 


such that 


Then 


F*iuj) ° pfntir),F = Pt 

E*{io) o Q{int{T), E)e = Q{F) o w 
rfr = F*{u;) 


Proof: In view of Lemma 14.31 both rfx and F*{u) are morphisms from (mf(r);F) to 
{int{T); E)e- Let us denote mt(r) by X and {int{T); F,Q{E) op) by Y. We have 

{X;E)E = {Y;QiQ{F),p)oEq) 

and we can see this object as a part of the diagram with two pull-back squares: 


{Y-,Q{Q{F),p)oEq) EU U 


PY,QiQiF),p)oEq 


P 


Y 


QiQ(F),p} ~ 

-1 {U,p) 


Eq 


> u 


We have two projections 


h 


We need to check that 


hi o = Q{Q{Q{F),p) o Eq) : (W; F)e ^ U 

^ : PY,Q(Q{F),p)oEq ■ F)e —t Y 

rfr o h = F*{u) o h 
rfr o V = F*{u) o v 


The morphism fJe is dehned in (jl]) as 


rfr = refl{6{T)) o q{6{T), IdxT{T)) = refmT)) o Q(5(T), Q(Q(F),p) o Eq) 
where the second equation is from ffTT|) . We have 

rfroh = refl{6{T))oQ{S{T),Q{Q{F),p)oEq)oh = refl{6{T))oQ{6{T)oQ{Q{F),p)oEq) = 
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refl{6{T)) o Q[Q[F) o A o Eq) = refl{d{T)) o Q[Q[F) o [u o pEU) o Eg) = 
refl{5{T)) o Q{Q{F) quo Q{Eq) op) = refl{5{T)) o Q{Q{E) oVtop) 

On the other hand 

F*{uj) o h = F*{uj) o hi o ^2 = Q{F) o u o h 2 = Q{F) o to o Q{Eq) = Q{F) o O 

We have ui{d{6{T))) = Q{F) op and 

6{T) o Q{u,{d{6{T)))) = 6{T) o Q{Q{E) o p) = 6{T) o Q{pr o E) = 

6{T) o q{pT, T) o Q{E) = Id^^tiT) o Q{F) = Q{F) 

Therefore by Lemma [4.61 we have 

refl{d{T)) o Q{Q{F) oQop) = Q{F) o O 

Which proves that rfx oh = F*{uj) o h. 

We have r/r o v = 6{T) because the square (|3]) commutes. Both r/y o v and F*{u) o v 
are morphisms int{T) —>■ int{p^{T)) . Since p^iT) is a part of a pull-back square with the 
projections being Pp^{T) and Q{Q{F) op) we need to check that 

5{T) o Q{Q{F) o p) = F*{uj) o V o Q{Q{E) o p) = F*{uj) o hi o pEU = 

Q{E)oujopEU = Q{F)oA 
which holds by a simple computation, and 

Idint{T) = d{T) O Pp*^(T) = F*{u)ovo Pp*^{T) 

For this equality we need to verify two further equalities 

Q{E) = Idint{T) o QiF) = F*{uj)ovo Pp*^(T) o Q{E) 


and 

PT = Idint{T) opT = E*{u)ovo Pp*^(T) O p^ 

The second one is the second equality of the two that dehne E*{uj). For the hrst one we have 

E*{uj) ovo {pp*^(T) o Q{.F)) = F*{uj)ovo Q{Q{E),p) opp^^ = 

Q{E)oAop^^^ = Q{F). 

This completes the proof of Lemma 14.71 


Problem 4.8 Let {Eq,Q,Jp) be a J-structure on a universe p. To construct for all F G 
Ob = Ob{CC{C,p)), for all T G Obi{T), for all P G Obi{IdxT{T)), for all sO G Ob{rff{P)), 
an element J{T,T, P, sO) of Ob{P). 
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Construction 4.9 Let X := mt(r), F := Ui{T) : X ^ U. By Lemma 14.31 we have 
int{IdxT{T)) = int{IdxT{T, F)) = (mt(r);F)^. Therefore we further have G := Ui{P) : 
(mf(r); F)e ^ G and := Mi(sO) : (X; F) U. 

Let us show hrst that 

/"(;/) = ,,,(F.ff)o4(p) 

Indeed, 

%Eu(X G)or(U)^ ri,(F, G o f •(,.,)) = ,,(f, r/r o G) = 

i;p(F, sO o QirSr oG)op) = iy(F, H op) = iy(F, H) o I^(p) 

where the hrst equality is from Lemma I2.3I the second from Lemma I4.7I the third from the 
commutativity of the canonical square and the fact that sO is a section, the fourth from fflTll 
and the hfth from naturality of 'rjp^xy in V- 

Therefore the pair G), r]p{F, H)) gives us a morphism 

0(r,T,P,sO):X^(/^^p(f/),r(C)) (/,(F),4(p)) 

and compositing it with Jp (cf. Dehnition l2.8p we obtain a morphism 

<^(r,T,P,sO)o 

Consider the element 

(n,F,) = p;j,5Wr,T,F,sO) o Jp) 6 D^^piX.U) 

By na Problem 3.8(1)] we have 

(Fi.F^op) = D^^p(X,p)(FuF,) = nly</>(r,T,PG0) o Jpol^^p(p)) = 

iEu('l,Eu(F,G)) = (F,G) 

Therefore, F 2 is of the form (X;F)e U i.e. of the form UijdxT{T){J)) for some J such 
that d{J) = P. 

Remark 4.10 Note that the dehning property of J = Jjp{T, T, P, sO) is that it is the unique 
element of Ob(CC(C,p)) that satishes the equation 

VpEu('^i,riT),UijdxT{T)iJ)) = (^(r,T,P,sO) o Jp 

where 

^(r.r.p.iiO): mt(r) ^ (i^EuX).r{u)) (4(5),p(p)) 

is given by the pair of moiphisms (PpE(?(“i,r(r),tii,rja,T(T)(f’)),’)p(«i,r(r),t;i,r(aO))). 

Lemma 4.11 Let Eq he a JO-structure on a universe p, / ; T —)■ T' a morphism in CC{C,p) 
and F : int{T) U a morphism in C. Let q3 : int{IdxT{T', foF)) —)■ int{IdxT{T, F)) be the 
morphism q{f, LdxT{T, F),3) defined byT since fP{IdxT{T, F)) = T. Then q3 = Q{f,F)E- 
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Proof: Let X := int{r) and X' := int{r'). By definition, Q{f,F)E is the nniqne morphism 
snch that 

Q{f,F)EoQ{F)E = Q{foF)E 

Qif: F)e O Px,F ~ Px'JoF ° / 

We will be bnilding the proof nsing the following diagram 


QiQ{Qif,F),QiF)°P),QiQiF),P)oEq) Q{Q{Q{F),p),Eq) ~ Q{Eq) ~ 

fA , J o p )e - > {A;P )e - > ejU - )■ U 


P3 


Q{Q{f,F),Q(E)op) 


Q{Q(F),p) 


pi 


Eq 


> u 


Q{Qif,F),QiF)op) 


Q{Q{F),p) 


Q{p) 


» U 


Q(f,F\ 


Q{F)^ 


P2 


u 


Qif,F). 


QiF) 


> u 


X' 


X 


-P U 


By constrnction that is seen on this diagram we have: 


q3 = Q{Q{Q{f,F),Q{F)op),Q{Q{F),p)oEq) 
Q{X,F)E = Q{Q{Q{F),p),Eq) 

and 

QiX', foF)E = QiQiQif o F),p),Eq) 
Therefore, the hrst eqnation that we need to verify is 


QiQiQif, F),Q{F) op), QiQiE),p) O Eq) O Q{Q{Q{E),p),Eq) = QiQiQif o E),p), Eq) 

By [151 Lemma 3.2] we have, together with the dehning rnle Qia, A) o Q{A) = Q{ao A), also 
the rnle: 

Qiai, a 2 0 A) o Q{a 2 , A) = Q{ai o 02, A) 

Applying it twice and then the dehning rnle we get: 

QiQiQif, F).QiF) o p),QiQiF),p) o Eq) o Q{Q{Q{F),p), Eq) = 

QiQiQif, F), QiF) o p) o QiQ{F),p),Eq) = 

QiQiQif, F) o Q{F),p), Eq) = QiQiQif o F),p),Eq) 

which gives ns the hrst eqnation. The second eqnation is immediate from the commntativity 
of the three sqnares that dehne q3. 
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Lemma 4.12 Let {Eq,Q,Jp) be a J-structure on a universe p. Then the morphisms of 
Construction^ ■ 9\ are natural in T i.e. for any / : P —)■ F one has 


r(jj,(r,T,p,so)) = jjp(r,r(T),r(p),r(so)) (19) 

Proof: Let us write J for Jjp(r, T, P, sO) and J' for Jjp{T', f*{T), f*{P), f*{sO)) and use 
the notations of Construction 14.91 Recall that for / : F' —)• F the operation f* is dehned 
only on 06i(F). In all other uses it is an abbreviation for operations such as X i—)■ f*{X, i) 
and s I—)■ f*{s,i) for various i (see [IS]). In particular, ffT9|l is an abbreviation for 

r (j(F, T, p, so), 4) = j(F', nT),np, 4), r (so, 2 )) 

which in its turn translates into the equation in Obi{IdxT{f*{T))) of the form 

q{f,IdxT{T),3nJ,l) = J' 


We have: 

"i(J)) = 'Mr, T, p, sO) o jp 

\euU »M MJ')) = <HT', r(T), r(p), r{so)) o jp 

By naturality of p with respect to the hrst argument we have 

/ ° VpEui^^ MJ)) = VpEuif ° <5(/, F)e o Mi( J)) 

Therefore, by Lemma [4.111 we have 

/ ° = %EuU»r MQ(f, nw, i))) = 

%Eu(f»r uMf, idxnr), 3)-( J. 1))) 

Since both Pp^^j and ui are bijections and in particular injections it is sufficient to show that 

/ o (^(F, T, p, so) o Jp = r{T), r (p), r (so)) o jp 

or that 

/ o c).(F, T, p, so) = 0(F', r (p), r (p), r (so)) 

Since both 0 expressions are morphism into a product this amounts to two equations that, 
taking into account the dehnition of 0 in Construction 14.91 are: 

/ ° VpEu(F, G) = PpEuif o P, Ui{f*{P))) 

and 

/ o Vp{F, H) = pp{f o P, ni(/*(sO))) 


The hrst equality follows naturality of p and Lemma 14.111 The second equality follows from 
naturality of p. This hnished the proof of Lemma [4.121 












Lemma 4.13 Let {Eq,Q,Jp) be a J-structure on a universe p. Then the morphisms of 
Construction \4.9\ satisfy the second condition of the definition of a J2-structure, i.e., for all 
r, T, P and sO as above one has 


r/;(Jjp(r,T,P,sO)) = sO 


Proof: Let J = Jjp(r, T, P, sO). Then, using the notations of Construction 14.91 we have: 

= (P°JP 


Then ^ 

.7e 5(F,S,(J)) or(t;) = oS,(J)) 

By Lemma [4.71 we have F*{oj) = rfT- Therefore, 

Veu(^^ ° = r]p{F, rfr o Ui{J)) = r]p{F, ui{rff{J))) 

On the other hand 

(po Jp or (U) = (j) opr Ip{U) 

by (0) which equals, by construction, //^(P, mi(sO)). Therefore, 

Vp{F,Ui{rff{J))) = r]p{F,Ui{sO)) 

and using again that both p and ui are injective we conclude that rff{J) = sO. 


Problem 4.14 Let {Fq,Q, Jp) be a J-structure on a universe p. To construct a J-structure 
on CC{C,p) relative to MTeq and refl^. 

Construction 4.15 One has to combine Construction 14.91 with Lemmas 14. 121 and 14. 131 


3 Functoriality of the J-structures 


1 A theorem about functors between categories with two uni¬ 
verses 


Before we can formulate the dehnition of what it means for a universe category functor to be 
compatible with J-structures we need some general results about Junctors betwera categories 
with two universes that we will later apply to the universes p : P —)■ P and pFU : EU —)■ P 
in a locally cartesian closed category C. 

Given two universes {p,px,F,Q{F)) and {p',p'x F^Qi^Y) where p : U ^ U and p' : P' —>■ P 
and the canonical squares are of the form 


(X;P) P {X;Fy P' 


PX,F 


P Px,F 


X —^ P X —^ P 
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and f ■. U' ^ U over U, we let F*{f) denote the nniqne morphism (X; F)' {X] F) snch 

that 


F’(f)oQ(F) = Q(Fyof 


( 20 ) 


f(/)°Px.F=p'x,F (21) 

Note that F*{f) depends on the nniverse structures on p and p'. Even when two universe 
structures give the same choices of the objects (X; F) and (X; F)' the difference in the choice 
of some of the morphisms, e.g., Q{F) will affect morphisms F*{f). We will need the following 
lemma about these morphisms. 

For X' A X —)■ [/ we let Q{f, F) denote the morphism 

{px'joF o /) * Qif o F) : (X'; f o F) ^ (X; F) 

We let Q'{—) and Q'{—, —) denote the morphisms Q{—) and Q{ — , —) relative to the universe 

p'. 


Lemma 1.1 Let X' A X he two morphisms. Then the square 


{X'-goF)' (X;Fy 


(goFrif) 


F*{f) 


(XygoF) (X;F) 


commutes. 

Proof: Since (X;F) is a hber product relative to the projections px,F and Q{F) it is 
sufficient to verify that 

Q\g, F) o F*{f) o Q{F) = {g o F)*(/) o Q{g, F) o Q{F) 

and 

Q\g, F) O F*{f) O px,F = {go Fy{f) o Q{g, F) o px,F 
which easily follows from the dehning equations for Q{—, —) and (—)*. 

Let {C,p,pt), {C',p',pt') be two universe categories such that C and C are equipped with 
locally cartesian closed structures. In [T^ Construction 5.6] we have dehned, for any universe 
category functor ^ 

$ = ($,0,0) : {C,p,pt) {C’,p',pt’) 

and any V E C, a. morphism 


Xi{V) : 4(4(1/)) ^ /y(4(V)) 


We now need to consider the case when we have the following collection of data: 
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1. two universes pi, p 2 in C with the common codomain U and a morphism g ■ Ui ^ U 2 
over U, 

2. two universes p[, p '2 in C with the common codomain U' and a morphism g' : U[ ^ U '2 
over [/', 

3. a functor <h : C —)■ C', 

4. a morphism (p : ‘h(t/) —)■ U', 

5. two morphisms (pi : —)■ Ld, i = 1,2 

and this data is such that: 


1. the square 


■^( 9 ) 

$(f/2 


4>i 


</>2 


^ U[ 


■> m 


commutes, 


2. the triples ;= (<h, (p, (pi), i = 1,2 are universe category functors i.e. <h takes canonical 
squares of pi and p 2 to pull-back squares and the squares 


$(pi) 

4(f/) 




> U[ 


Pi 


u 


<h([/2) 

<I'(p2) 

4((/) 


(f>2 


^ U '2 


P 2 


u 


are pull-back squares. 


Let us denote the exchange morphisms 


x».(V') : 4(;,,(r)) ^ I„mv)) 


by Xi{U). The maps in the following lemma are constructed in [151 Construction 5.2], 


Lemma 1.2 Under the previous assumptions and notations the squares 


commute. 


Dp,{X,V) 

DS{X,V) 

D„{X,V) 


^ DpJMX)MV)) 

Dn' (^(X)MV)) 

£>,-(4(.Y),4(l/)) 
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Proof: Let (Fi,F 2 ) G Dp^{X,F) then 

D3 '($(X), $(P))($2(Fi, F2)) = D 3'($(X), <h(P))($(Fi) o 0, t2 o $(F2)) = 

= ($(Fi) o 0, ($(Fi) o <^)*(^') O t 2 O <h(F2)) 

On the other hand 

P)(Fi, F2)) = F;(^) o F2) = 

($(Fi)o0,tio<L(F*(^)oF2)) 

It remains to check that 

($(Fi) O cPTig') O .2 o <h(F2) = i, O <h(F;(^) O F2) 

For which it is sufficient to check that 

($(Fi)o0)*(^')°O = Fo<I>(F*(^)) 

The codomain of both morphisms is *h((^; Fi)^^) and since $ takes canonical squares based 
on P 2 to pull-back squares it is sufficient to check that 

($(Fi) o cPYig') o ,2 O <F(Q2 (Fi)) O 02 = T O <I>(F*(^)) O ^Q2{FY) O 02 

and 

(<l>(Fi) O 0)*(^') O t2 O <I)(px,Fi,2) = T O ^{F*{g)) O <l'(px,Fi,2) 

For the hrst equation we have 

($(Fi) O (PYig) o /.2 o <I>(g2(Fi)) o 02 = ($(Fi) o 0)*(^') O g2($(Fi) O 0) = gi(<F(Fi) o 0) O 

where the hrst equality is from the dehnition of i in [T5l Construction 5.2] and the second 
from (1201) . On the other hand 

il o ^{Fl{g)) o <F((52 (Fi)) O 02 = ii O ^{Fl{g) o Q2(Fl)) O 02 = o <I>(Ql(Fi) o g)o'^2 = 

Li O $(Qi(Fi)) O <|)(5() o 02 = F o <I)((5i(Fi)) o 01 o 51' = gi($(Fi) o(f))og' 

This proofs the hrst equation. For the second equation we have: 

($(Fi) O 0)*((y'') o i2° *h(px,Fi,2) = ° 0)*(fi'O ° P-I>(X),-I>(Fi)o0,2 = P$(X),<I>(Fi)o0,l 

and 

il o <l>(Fi (^f)) o <F(px,Fi,2) = ^-1 o ^{Fl{g) o px,Fi,2) = o <F(px,Fi,i) = P^(x),^(Fi)o4>,i 

This hnishes the proof of the lemma. 


32 


Lemma 1.3 Under the previous assumptions and notations the squares 


4>(/k(V0) ^ ^(^(V)) 


HiUV)) 


la (#(y)) 




commute. 


Proof: Let X = Ip^iV). We have 

X 2 (V^) o F'(<h(P)) = v\^l{v-\ldx))) o P'mv)) 

by definition of y in [151 Construction 5.6]. Then by Lemma [2.31 and Lemma [1.21 we have: 

v\^l{v-\ldx)))oP'mV)) = viD<^'mX),^V))i^l{p-\ldxm = 

pi^liD^iX,V){p-\ldxm 

Then, again by Lemma 12.31 we have 

vi^liD^iX, V){p-\ldxm = vi^liv-\ldx o PiV))) = pi^lip-\P{Vm 
It remains to show that 

p{^l{p-\p{vm = HP{v))oxi{v) 

Let a be any element of Hom{Ip^{V), /p^(P)). Let us show that 

Vi^l{v~\a))) = $( 0 ) o xi{V) 

We have 

d)(a) o xi{V) = d)(a) o p'{^l{p-\ldi^^(v)))) = 

where the second equality holds because of naturality of p in the first argument. Then 
p\Dp,{^a),^V)){^l{p-\ldj^^^y))))=p'{^l{Dp,{a^^^^^ 
by Ha Lemma 5.4] and 

v'{^l{Dp,{a, V){p-\lp,{Vm = o Idp,{V)))) = p'{^l{p-\a))) 

again by naturality of p in the first argument. This finishes the proof of Lemma [1.31 

Consider the morphisms 

C,: HUU)) -* W) 
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given by 0 = Xi{U) o 1^.(0) and 


given by 0 = Xi{Ui) o Jp,(0i). Note that 

Ci = 

where ^ are the morphisms introduced in [15] and Ci = but ^2 7^ 'C(# 

Theorem 1.4 Under the previous assumptions and notations the morphisms Ci)C 2 )Ci)C 2 
form a morphism from the square 


HIp2iP2)) 


HIpiiP2)) 


to the square 


4(4,(i/)) 


ipiW) ipM) 


^p'(P2) 


Vi(P2) 


4.([/') /,,([/') 


Proof; We need to prove commutativity of the outer squares of the following four diagrams: 


mp.m} ip/Ami)) um) 


HiHUi)) 


IS {<S>{Ui)) 


IS (U[) 


mpAUi)) 4;(4(C'i)) WPD 




^{Is{Ui)) 


IS (4-{[/i)) 


([/() 






^(42(Pi)) 


^P^('^(Pl)) 


^p'(Pi) 
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> 



Hiplipi)) 




ViW) 


HUUi)) ipiWUi)) ip',(ui) 

The left squares in the hrst and the second diagram are commutative by Lemma 11.31 
The left squares in the third and the fourth diagram are commutative by [151 Lemma 5.7]. 
The right hand side squares in the hrst and second diagram commute by Lemma 12.21 

The right hand side squares of the third and the fourth diagram commute because Ipi. are 
functorial and therefore take commutative squares to commutative squares. 

Theorem is proved. 


2 Universe category functors compatible with J-structures 

Let us dehne now conditions on functors of universe categories that rehect the idea of compat¬ 
ibility with the JO- Jl- and J2-structures on the universes. Recall that for universe categories 
{C,p,pt), {C',p',pt') a functor of universe categories is a triple ($,(/>, 0) where : C —)■ C' is 
a functor that takes the canonical squares to pull-back squares and pt to a hnal object and 
(j) : *h(f/) —)■ U', 0 : —)■ U' are morphisms such that the square 


4>(f/) 

<I>(p) 

$(77) 


U' 


p 

U 


( 22 ) 


is a pull-back square. For any functor of universe categories and X & C, F : X ^ U the 
morphism 

d)(px,F) * (HQiF)) o 0) ; $((X; F)) ^ ($(X); $(F) o cj)) 
is an isomorphism and we will denote it Let ^Up be the composition 

4((f/;p)) % (4>(&);4(p)o.^) = (f/';p') 

We also have another description of this morphism given by the following lemma. 


Lemma 2.1 One has: 

^Up = o 0) * (<F((5(p)) o 0) 


Proof: One has 


^Upoph^^, 


o 

U,p 


Q'{(p,p') op[ 


U',p' 


° Pmuop' = ^iPu,p) ° ^ 
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where the second equality is by definition of Q'(—, —) and the third equality is by definition 
of Then 


^Upo Q'{p') = o Q'(0, p') o Q’{p') = o Q{(j) o p') = 

^u,p ° = ^i.Q{p)) ° 0 

where again the second equality is by definition of Q(—,—) and the fourth equality is by 
definition of p- 


Lemma 2.2 For s,s' : Y U such that s op = s' op one has 

<h(s * s') o = $(s o 0) * <f)(s' o 0) 


in particular 


<h(A) o ^Up = (j) * (j) 


Proof; Using Lemma [2.11 we have 

<h(s * s') o ^Up o p~, = <f)(s * s') o ^) o (p = s o (j) 

and ^ 

<h(s * s') o o Q'{p') = <h(s * s') o ^(Q(p)) o 0 = s' o ^ 

The particular case of A follows from the fact that A = Idjj * Idfj. 


Lemma 2.3 The square 


is a pull-back square. 


muyp)) ^ {U'-,p') 




Pu'.p' 


HU) 


-i U' 


Proof; This square is equal to the composition of two squares 


mU;p)) 


U,p 


> ($([/); 0 op') 


Q'(4>,p'), 


> (U';p') 





$([/) - $(U) U' 


The right hand side square is a pull-back square ([5]). The left hand side square is a pull¬ 
back square as a commutative square whose sides are isomorphisms. We conclude that the 
composition of these two squares is a pull-back square. 
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Definition 2.4 Let Eq be a JO-structure on p and Eq' a JO-structure on p'. A universe 
category functor ($,0, 0) is said to be compatible with Eq and Eq' if the square 


commutes. 


4>((i^;rt) ^ HU) 


^Up 


{U'-p') 


Eq' 


> U' 


(23) 


Let Eq, Eq' be as above. Let (<L, (f, (f) be a universe functor compatible with Eq, and Eq'. 
Define a morphism 


cfE ■■ ^EU) ^ EU' = {{U'-,p'),Ecf) 
as {^{P{u-,p),Eq) ° ^Up) * {^{Q{Eq)) O ^). 


Lemma 2.5 Let Eq, Eq' be as above. Let ($, 0, 0) be a universe functor compatible with 
Eq, and Eq'. Then the square 


^{EU) 


4‘e 


> EU' 

P(U'-,p'),Eq' 


H{u-,p)) (u'-.p') 


is a pull-back square. 


Proof; Consider the diagram 


^{EU) EU' U' 


<i>(p 


{U-,P),Eq 


P{U';p'),Eq' 


4>((f/;p)) {U'-,p') U' 


The outer square of this diagram is equal to the outer square of the diagram 


(24) 


^EU) $([/) 


U' 




{U\p),Eq 


$(p) 


$(([/;p)) ^ ^(U) 


^ U' 


(25) 


where the equality of the lower horizontal arrows follows from the commutativity of the 
square (l23il . The left hand side square of this diagram is a pull-back square because <h takes 
canonical squares to pull-back squares. The right hand side square is a pull-back square 
by definition of a functor of universe categories. Therefore the outer square is a pull-back 
square. The right hand side square of (l2T)) is a canonical square and therefore a pull-back 
square. We conclude that the left hand square of (l2T)) is a pull-back square. 
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Lemma 2.6 Let Eq, Eq' he as above. Let ($,0,0) be a functor of universe categories 
compatible with Eq, and Eq'. Then the square 


^{EU) 

^{pEU) 

4>(f/) 


<pE 


> EU' 


pEU' 


U' 


(26) 


is a pull-back square. 

Proof: It follows from the fact that the square fl26|) is equal to the vertical composition of 
the squares of Lemmas 12.51 and 12.31 with the square (|22|) . 

Definition 2.7 Let Eq, Eq' he as above and let be J 1-structures over Eq and Eq' 

respectively. A universe category functor ($, 0 , 0 ) is said to be compatible with kl and Vt' if 
the square 

^{U) $([/) 

4> 

U' U' 

commutes. 

Lemma 2.8 Let Eq,fl and Eq',Q' be as above and let ^ be a universe category functor 
compatible with Eq,Eq' and Then the square 

$([/) U' 

uj' 

^EU) EU' 


4> 


commutes. 

Proof; Since EU' = {{U'-,p')] Eq') it is sufficient to verify that the compositions of the two 
paths in the square with and Q{Eq') coincide. We have: 

(p o u' o Q(Eq') = (poQ! 

by definition of u'. On the other hand 

$( 0 ;) o pE o Q(Eq') = $(a;) o ^(Q(Eq)) o 0 = $(0) o 0 

where the first equation holds by definition of 0^. The proof follows now from the assumption 
that is compatible with O and O'. 
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To formulate the condition of compatibility of a universe functor with full J-structures on C 
and C we will use Theorem 11.41 

Let $ = ($, ^, 0) be a functor of universe categories. In view of Lemma [2^ if $ is compatible 
with Eq and Eq' then the triple := ($, 0, 0 e) is a functor of universe categories as well. 
If, in addition, $ is compatible with and fl' then, by Lemma 12.81 morphisms oj and u:' 
satisfy the conditions on morphisms g and g' of Section [T] 

Let 

e# : HW)) ^ 

: Wpm ^ I^U') 

denote the compositions o and x^P) ° 

Ct : HI.evW)) ^ ^pEU' ([/') 

Ct : ^ 

^pEU' P') 

be given by the compositions x^eP) °^pEU'P X^eP) °^pEU'P- Not® C# = C^e 

but is different from since the latter is equal to the composition x^ePP°^peu'^^e)- 
Applying Theorem 11.41 in this context we get the following. 

Theorem 2.9 Let ^ be a functor of universe categories compatible with the J 1-structures 
{Eq,fl) and {Eq',fl') on p and p' respectively. Then the morphisms form a 

morphism from the square 


to the square 


HyEu(u)) Hipiu)) 




HLip)) 


tiPEuiu)) iiMr)) 


IpEuW) E(E) 


^pEudP') 


V(p') 


!pEuW) EiE) 


Let denote the composition 

H(yEu(u),i“m (/,(&),/,(p))) ^ <s>(i^^pu),nu)) <nuu),i,(p)) ^ 

iipEuW),i‘^m) yi,,{u') (lAu').ip'(p')) 

where the second arrow is dehned by and C# in view of Theorem 12.91 


39 


















Definition 2.10 Let Eq, Eq', 12 and 12' he as above. Let Jp and Jp' he J2-structures 
over {Eq, 12) and {Eq', 12') respectively. A universe category functor (<1), (j), (f) is said to be 
compatible with Jp and Jp' if it is compatible with Eq, Eq' and 12, 12' in the sense of 
Definitions \2.4\ and \2. 7| respectively and the square 


myEuiu), mu)) x,,,,,, mu),i„(p))) (yEuVni^'m) x,^.,,,,, {ip(u'),ipW) 


WpEum 


Jp' 




^pEU'i^') 


commutes. 


3 Homomorphisms of C-systems compatible with J-structures 

Definition 3.1 Let H : CC —)■ CC he a homomorphism of C-systems. 

1. Let IdT, IdT' are JO-structures on CC and CC respectively. Then H is called a 
homomorphism of C-systems with JO-structures {CC,IdT) —)■ {CC,IdT') if for each 
r G Ob{CC) and o,o' G 06i(r) such that d{o) = d{o'), one has 

H{IdTr{o,o')) = IdT'H(^r){H{o),H{o')) 

(the right hand side of the equality makes sense because H commutes with d). 

2. Let IdT, IdT' be as above and let refl, refV he Jl-structures over IdT and IdT' 
respectively. A homomorphism of C-systems with JO-structures H : {CC, IdT) —)■ 
{CC, IdT') is called a homomorphism of C-systems with J 1-structures 

{CC, IdT, refl) {CC, IdT', refl') 

if for all r G Ob{CC) and o G 06i(r) one has 

H{refl{o)) = refl'{H{o)) 

For a C-system CC with a JO-structure IdT and a Jl-structure refl over IdT define 
Jdom{CC, IdT,refl) as the set of qnadruples (r,T, P, sO) where F G Ob, T G 06i(F), P G 
Obi{IdxT{T)) and sO G Ob{rff{P)). Eqnivalently we can say that Jdom{CC, IdT,refl) is 
the snbset in Ob x Ob x Ob x Ob that consists of qnadrnples (F, T, P, sO) where ft{T) = F, 
ft{P) = IdxT{T) and c2(s0) = rff{P). Then a J2-structure is defined by a map Jdom —)■ Ob 
with some properties. 

Lemma 3.2 Let H : CC —)■ CC he a homomorphism of C-systems. Let T,X,Y G Ob{CC), 
m, n G N and suppose that fC{X) = fC{Y) = F. Let f : X ^ Y be a morphism over F 
and let E \ V ^ T he a morphism. Then 

H{E*{f)) = H{E)*{H{f)) 
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Proof; This is easy to show from the defining properties of F*{f) and H{F)*{H{f)). 


Lemma 3.3 Let IdT, IdT', ref I and ref I' be as in Definition \S. 1\ and let 

H : (CC, IdT, refl) {CC, IdT', ref I') 

be a homomorphism of C-systems with J1-structures. Then for all elements (T,T, P, sO) of 
Jdom{IdT,refl) one has {H{T), H{T), H{P), H{sO)) G Jdom{IdT',refl'). 

Proof: We have ft{H{T)) = H{ft{T)) = H{T) and ft{H{P)) = H{ft{P)) = H{IdxT{T)). 
We also have d{H{sO)) = H(d{sO)) = H{rff{P)). By Lemma 13^ we further have 

H{rff{P)) = HirfrYiPiP)) 

It remains to show that H{IdxT{T)) = IdxT'{H{T)) and H{rfT) = ^f'H(T)- follows by 
a straightforward but lengthy computation from the dehning equations (Ej) and (1T|) . 

Definition 3.4 Let IdT, IdT', refl and refl' be as in Definition \3.1\ and let J, J' be J2- 
structures over {IdT,ref 1) and {IdT',refl') respectively. A homomorphism of C-systems 
with J 1-structures 

H : {CC, IdT, refl) {CC, IdT', ref) 
is called a homomorphism of C-systems with J-structures 

{CC, IdT, refl, J) {CC, IdT', ref-,', J') 

if for all r G Ob{CC), T G 06i(r), P G Obi{IdxT{T)) and sO G Ob{rff{P)) one has 
H{J{T, T, P, sO)) = J'{H{T), H{T), H{P), H{sO)) 
where the right hand side of the equation makes sense by Lemma \3.A 

4 Functoriality of the J-structures {IdTEq,reflfi, Jjp) 

Let us first remind that by m Construction 3.3] any universe category functor = {^,(j),(j)) 
dehnes a homomorphism of C-systems 

H : CC{C,p) CC{C',p') 

To dehne H on objects, one dehnes by induction on n, for all T G Ohn{CC{C,p)), pairs 
{H{T),fr) where II{T) G Ob{CC{C',p')) and fr is a morphism 

Yr : int'{H{T)) ^int{T)) 

as follows. For n = 0 one has II{{)) = () and Yq : pt' —)• ^{pt) is the unique morphism to a 
hnal object ^{pt). For (F, F) G Obn+i one has 

H{{T,F)) = {H{T),fro<!>{F)o<j)) 
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and is the unique morphisms int\H(V, F)) —)■ <h(mt(r,F)) such that 

'0(r,F) o <h(Q(-F)) o 0 = Q'^iIjy o <h(F) o 0) 

and 

'0(r,F) o = PH{(r,F)) ° i’r 

Observe that 'i/jy is automatically an isomorphism. The action of H on morphisms is given, 
for / : r ^ T', by 

Hif) = ^pY° $(/) o 

Lemma 4.1 Let ^ be a universe category functor as above that is compatible with the JO- 
structures Eq and Eq' on p and p' respectively. Then the homomorphism of C-systems 
H = hf($) is a homomorphism of C-systems with JO-structures relative to MTeq and IdTEq' ■ 

Proof: Let IdT = MTeq and IdT' = IdTEq'. We need to check that for all T G Ob{CC{C,p)) 
and o, o' G 06i(r) such that d{o) = d{o') one has 

H{IdT{o,o')) = IdT'{H{o),H{o')) 

Since 

d{H{IdT{o,o')) = H{T) 

d{Idr{Hio),H{o'))) = fmH{o))) = H{ft{d{o))) = H{T) 
this is equivalent to 

Ui{H{IdT{o,o'))) = Ui{IdT'{H{o),H{o’))) 

By [151 Lemma 6.1(1)] we have 

ui{H{IdT{o, o'))) = ipY ° ^{ui{IdT{o, o'))) o cf = fjY ° ‘^((^i(o) * ui{o')) o Eq) o (p = 

ipY ° * Ui{o')) o <h(T^g) o (p = ipY o <h(Mi(o) * Ui{o')) o ^Up o Ecf 

By Lemma [2.21 we have 

'ipY o ‘h(ni(o) * ui[o')) o ^Up o Eq' = fjY o ((<h(Mi(o)) o 0) * ($(ni(o')) o (p)) o Eq' 
and m Lemma 6.1(2)] 

fjY o ((<I>(mi(o)) o 0) * (<l>(ni(o')) o (p)) o Eq' = 

{(^pY o <l>(ni(o)) o 0) * ('^p o <h(M;L(o')) o (p)) o Eq' = 

{ui{H{o)) * MH{o'))) o Eq' = IdT'{H{o), H{o)) 

Lemma is proved. 

Lemma 4.2 Let ^ be a universe category functor as above that is compatible with the 
(JO,Jl)-structures {Eq,Q) and {Eq',Q') on p and p' respectively. Then the homomorphism 
of C-systems H = Lf(4*) is a homomorphism of C-systems with (J0,J1)-structures relative 
to {IdTEq, ref In) and {IdTEq', re fin'). 
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Proof: Let ref I = refln and ref I' = refill. The compatibility condition is 

$(f2) o (f = (f oQ! 

We need to check that for T e Ob{CC{C,p)) and s G ObifT) one has 

H{refl{s)) = refl'{H{s)) 

By m Lemma 6.1(2)] we have 

H{refl{s)) = off) o0) = o<l>(f2) o0) = 

= uf^{ipT o <h(Mi(s)) o 0 o fl') = uf^{ui{H{s)) o f2') = refl'{H{s)). 


To prove the fnnctoriality of the fnll J-strnctnres we will need some lemmas hrst. 

Recall that in [TB] we let pr,n : B /t"(r) denote the composition of n canonical projections 
Pr ° ° P/t"-i(r)- 


Lemma 4.3 Let ^ be a universe category functor and T G Ob{CC{C,p)) be such that /(T) > 
n. Then the square 


int'{H{T)) <h(mt(r)) 


PH(T),n 


‘J’(pr,n) 


mT(/r(r)) <h(mt(/r(r))) 


commutes. 


Proof: It follows by simple indnction from the dehning relation 

o *B(pr) = ph ( v ) o V'/pr) 

of '0r- 

Lemma 4.4 Let Eq,Eq' he JO-structures on {C,p) and {C',p') and ^ be a universe category 
functor compatible with Eq and Eq'. The for all T G Ob{CC{C,p)), T G 06i(r), P G 
Obi{IdxT{T)) and o G Ob{P) one has: 

B ® defined element of Dp^^,{^{int{r)),U') 

and 

,IdxT'{H{T))iH (P))) — 

2. is a well defined element of D^^fj,{^{int(T)),U') 

and 
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Remark 4.5 Since U 2 {T) = {ui{ft(T)),ui(T)) and ^ 2 ( 5 ) = {ui{ft{d{s))),ui{s)) , this 
lemma is very similar to m Lemma 6 .1(3,4)] but its proof is much more involved because 
of the interaction of the two different universe functors. 

Proof: We will only consider the second assertion. The proof of the hrst one is similar and 
simpler. 

To prove that the pair is a well dehned element of 

Zlpgp,(4)(mf(r)), U') we need to show that ft{d{H{o))) = IdxT'{H{T)) and that the source 
oi u[ id^T'{H{T))iHio))) equals to {int{H{T));u[{H{T)))E, i.e., that 

int’{IdxT'{H{T))) = {int{H{T)y,u[{H{T)))E 

The former is a corollary of our assumptions and Lemma 14.11 and the latter is a corollary of 
[T5| Problem 3.3(1)] and the hrst equation of Lemma [4.31 

Let X = int(T), F = ui^riT) and G = Uijdx(T){o). By dehnitions we have 

o io <S(G) o J) = (j/ip o <S(F) o o 4 >)e: o i o 4 (G) o 

where 

i:(4)(X);4>(F)o0)s, ^$((X;F)s) 

is the unique morphism such that 

L O = pf(x),$(F)o<(i 

io<L(Q(F)^)o0g = g(<L(F)o0)g, 

On the other hand 

ui^h(t){H{T)) = iJro <l)(tii,r(T)) o 0 

UlJdxT'{H{T)){H{o)) = Ui^H(IdxT{T)){H{o)) = i>H{IdxT{T)) ° ^{UijdxT{T){.o)) O cj) 

by m Lemma 6 .1(1,2)]. Therefore, to prove the lemma it is sufficient to show that 

i>IdxT{T) = Q{4’r, ‘h(F) o 0)^;/ O i 

Both sides are morphisms with the codomain 

^{int{IdxT{T))) = 4>((X;F)f) 

and since is a universe category functor it is sufficient to show that the compositions of 
the two sides with 4>(p^p,) and ^{Q{F)e) o 4>e are the same. Since 

Q( 0 r, ^{F) o (j))E> o L o = Qi'^r, <h(F) o (j))E> o pf jx),$(F)o 0 = 

E' E' 

Vint'{H{V)),i)r°^{F)o4, ° W = Pint'{H{T)) ° W 
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the first equation reduces to 


i>IdxT{T) O ^{Pt) = Pint'{H(T)) ° 

and since 


(27) 


^{F) o 0)^, o 6 o <h(Q(F)i 5 ) o = Q(^r, <h(F) o 0)^, o Q($(F) o 0)^, = 


Qi^ljr o <h(F) o 0 )e/ 

the second equation reduces to 

'ipidxT(T) o ^{Q{F)e) o (t>E = Qii^r o ^{F) o 0 ) 5 ;/ (28) 

Equation fl27p follows immediately from Lemma 14.31 and the second equation of Lemma 14.31 
We have ^ ^ 

(j)E = {^{p^u-,p),Eq) ° ^Up) * (<h(Q(Eg)) O (f)) 

Therefore fl28|) is equivalent to two equations: 


i^idxnx) o <h((5(^)i?) o ^i.P{u-,p),Eq) ° ^Up = 

O <h(F) o 0)^, O P0,.p,)^Eq' 


(29) 


and 


i’idxT{T) o ^iQ{F)E) o ^{Q{Eq)) o(j) = 

o $(F) o 0)^, o Q(Eg') (30) 

The hrst equality we will have to decompose further into two using the fact that by Lemma 
12.11 we have 

^Up = {^{PuJ o(j))* {^{Q{p)) o (j)) 

Therefore (12^ is equivalent to two equations 


i^IdxTiT) o <h(Q(F)i 5 ) O o <h(ppp) 0 (f) = 

Q{ijr o d)(F) O (P)e> o P0,.p,-^^Eq' ° Pu',p' (31) 

and ^ 

^IdxT{T) o <1>(Q(F)e) O <l>(P(p.p) Eg) O <h(Q(p)) o 0 = 

Q(V^r o ^(F) o (j))E' o P0,.p,)^Eq' ° (32) 

To prove (1501) observe hrst two useful equalities 


u^{IdxT{T)) = Q{Q{F),p) o Eq 
Q{u,{IdxT{T))) = Q{E)e o Q{Eq) 

where the hrst follows from the proof of Lemma 14.31 and the second is the combination of 
the hrst with the third equality of the same lemma. 
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Now we have: 

'ipidxT(T) o ^{Q{F)e) o ^{Q{Eq)) o 0 = ipidxTiT) o ^{Q{F)e o Q{Eq)) o 0 = 

i^MxnT)oHQ{u,{IdxT{T))))o^ = Q\ijidxnT) 0 <!>{u,{IdxT{T)))o<p) = Q{u,{H{IdxT{T)))) 

and 

Q(0r o $(F) o 0)^, o Q{Eq') = Q'{u,{H(T))) e' o Q{Eq') = Q'{ui{H{IdxT(T)))) 

The equality (l30|) is proved. 

To prove fl^ observe two equalities: 

Q{F)e O = PldxTiT) ° Q{Q{F),p) 

Q{Q{F),p) op^^^ = Pft(IdxT{T) o Q{F) 

The same equalities hold for F' = 0r o *h(F) o 0 = u[{F[(T)) and the equation (1^ becomes 

i’ldxT{T) ° ^{pidxT{T)) O ^{Pft{IdxT{T))) ° ^{Q{F)) O 0 = PidxT'{H{T)) ° Pft{IdxT'(H{T))) ° Q{F') 
Using the dehning equations for 0 we rewrite the left hand side as 

'fpIdxT{T)°^{PldxT{T))°^{Pft{IdxT{T)))°^{Q{E))o(j) = PH{Idx{T))°Pft{H{IdxT{T)))°i’T°^{Q{F))o(f) 

It remains to show that 

Q(0r o *h(F) o 0) = 0(r,F) o *h(Q(F)) o 0 
which is the defining equation of 0 (g,f)- 
To prove (l32l) let us rewrite the left hand side hrst 

lljldxTiT) o ^{Q{E)e) O O d>(g(p)) O 0 = 

i^IdxTiT) o ^{pidxTiT) o Q{Q{F),p)) o <h(g(p)) o 0 = 

PH{IdxT{T)) o i’ft{IdxT{T)) o ‘h(g(g(F) op)) O 0 = 

PH(IdxT{T)) O 0(r,F,Q(F)op) O ^(^(^(F) op)) O 0 = PH(IdxT{T)) O Q{ui{H{ft{IdxT{T))))) 

Where the hrst equality holds in view of the upper square of Construction 2015.05.08.constrl, 
the second one is one of the dehning equalities of 0 and the third one is from [T^ Lemma 
3.2], 

Let F' = ui{H{T)). Rewriting the right hand side we get 

g(0r o ^{E) o (j))E^ o op(p,.p,)_^^, o g(p') = Q{,e')e' o g(p') = 

pidxT'{H{T) o QiQ{F'),p') o g(p') = pidxT>(H{T) ° g(g(.^o °p') = 

PidxT'iHiT) o Q{u,{ft{IdxT{H{T))))) 

Where the second equality is from the upper square of Construction 2015.05.08.constrl in 
C, the third equality is from [T5[ Lemma 3.2], and the fourth from the middle square of 
Construction 2015.05.08.constrl in C. 

Lemma 14.41 is proved. 
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Lemma 4.6 Let ^ be a universe category functor as above that is compatible with the 
(J0,Jl,J2)-structures {Eq,fl,Jp) and {Eq' , Jp) on p and p' respectively. Then the ho¬ 
momorphism of C-systems H = H{^) is a homomorphism of C-systems with (J0,J1,J2)- 
structures relative to {IdTEq,refln, Jjp) and {IdTEq>,reflni, Jjp/). 

Proof: Let IdT = MTq, IdT' = IdT^/, ref I = ref In, ref I' = re fin', J = Jjp and J' = Jjpi. 

We need to verify that for all T G Ob{CC{C,p)), T G 06i(r), P G Obi{IdxT{T)) and 
sO G Ob{rff{P)) one has 

H{J{T, T, P, sO)) = J'{H{T), H{T), H{P), H{st))) 

The dehning equation for J' is 

(r)),5'i,„.r(i,(T)(^'))) = mX), H(T), H(P),H(sO)) o Jp' 

and to prove the lemma we need to show that H{J) satishes this equation. 

Using Lemma [4.41 we have 


(J)))) — 

-){^pEU'(-^ '^l,IdxT{T){J))))) = 

° VpEU'i^Ei'^i-i'^)^'^l,IdxT{T){J))) O ^pEU' (0) 

By [151 Lemma 5.8] and by the dehning equation for J we further have 

o Tl^E^,{^\{Ui{T),UijdxT{T){.J))) o IpEU'(i) = 

o ^{\EuMT),UijdxT{T){J))) o X^e{U) O IpEU'G>) = 

V'r o <h((/)(r, T, P, sO) O Jp) O x^e{U) o IpEU’d) = # ° T, P, sO) o Jp) o 

It remains to show that 

fjr o 4)(0(r, T, P, sO) o Jp) o = cf{H{T),H{T),H{P),H{sO)) o Jp' 

By the compatibility condition of Dehnition 12.101 we see that it is sufficient to prove that 

V^r o $(0(r, T, P, sO)) O R,, = (j){H{T), H{T), H{P), H{s0)) 

Let ^ 

pri : ^Ip{U) ( 4 (c^). 4 (rt)^ WC') 

■■ (.PeuXIE) (IpPJrip)) ^ IpJ) 

be the projections and let prj, be their analogs in C. Then one has 

o pr'^ = <I)(pri) o C.J, 
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opr^ = $(pr 2 ) o 

On the other hand the dehning relations of ^(F, T, P, sO) are 

(j){r, T, p, sO) o pn = VpEui^^ 

0(r, T, P, sO) O pr 2 = r]p{F, H) 

where 

F = Uip{T) G = UijdxT{T){P) H = ui^TisO) 
and similarly for F', G' and H'. 

We need to prove 

V^r o <f>(0(r, T, P, sO)) oR^o pr[ = (j){H{T), H{T), H{P), H{sO)) o pr[ (33) 

and 

V^r o $(0(r, T, P, sO)) oR^o pr'^ = 0(P'(r), H{T), H{P), H{sO)) o pr'^ (34) 

For ([33]), rewriting the left hand side we get 

o ‘f’(0(r, T, P, sO)) o P<j, o o $((/)(r, P, P, sO)) o $(pri) o = 

'il)Y o 4>((()(r, T, p, sO) o pn) oC^^ ='11)^0 $(77pg^(p, G)) o 
Continning we get 

o ^{VpEui^, G)) = <F(77pgp(P, G)) o o Ipj^nicj)) = 

V'r o Vpeu'(^e{F, G)) o /^g^,(())) 

where the last equality holds by [H] Lemma 5.8] applied to X = mf(r), V = U and $ = $£;. 
Continuing further we get 

o VpEU'i^EiF-, G)) o Ipp;p,{(j)) = VpEU'i^pEui'^'^^ ^)))) = 

VpEU'ii'^'l,H{r){F{'F))j '^l,IdxT'{H{T)){H{P)))) 

where the last equality holds by Lemma [4.4f lL 

Rewriting the right hand side we get 

4>{H{T), H{T), H{P), H{s^)) o pr[ = 77^^p,(P', G') 

where F' = Ui^h(t){.H{T)) and G' = UijdxT'(H(T)){.H{P)). This shows that the hrst equality 
holds. 

For fl341) . rewriting the left hand side we get 

'ipY o *^*(0(1", T, P, sO)) O Rq,o pr'^ = 0r o *f’(0(r, T, P, sO)) o <F(pr 2 ) o = 

0r o 4>(0(F, P, P, sO) o pr 2 ) o o $(hp(^, H)) = hp'(w2,rf(r)(^(s0))) 

where the last equality holds by [IS Lemma 6.2(2)] since (P, P) = M 2 ,r(s 0 ). 

Rewriting the right hand side we get 

0(P(F), P(P), P(P), P(sO)) o pr' = rip,{F\ H') 
which proves the second equality since (P', FI') = u'^ (//(sO)). 
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